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. MEASURES, OF VOTING UNITY V : 
^ THE RICE INDEX 

1. INTRODUCTION 

We will study a problem Wli^ch frequently occurs *iir 
the social sciences: the developmeni: of *a qljantitative 
measure. Our e;cample is taken 'from politicabsisci.ence : . 
We shall study methods for measuring the unity of a 
group based on how it votes!;* This examplevwill ^exhibit 
some of the issues which are common ta the development 
of any' quantitative m<?asure. . - • . ' 

• ^ • . 

The unity of a group may be discussed -verbally . 

However, when compaVisons between different situations 
are to be, inadfi^j)recision demands some systematic method 
of, quantifica-fcWn. A& is frequently the case, the first/ 
measure which Ve sh^U study was .develt)ped on an ad ho<; 
♦^basi^ for use in rather- rough comparisons.' As mo're ^ . 
sophisticated analyses have been made, it has* become 
necessary to examine 'careful ly th^ properties of the .' 
measure: .'Is it a .meaningful m^a^ure? What factors 
in/iuejpce the measurement?^ Can s ta.t^ist ical comparisons 
le^Uimately be made? 'Fh'e^e are ques.tions which. must- 
-alwa)^ be answer-ed lyheji a caref^jl quahtitative analysis 
is to be done. 

. ^ # 

In this module we will study how the first measure * 
of voting unity, the Rice Index, was devised. Then .we 

_^shall- assess thi-fe measur^ in terms of^ tl}e questions raised 
above. We shall see that* the Rice Index has the virtue of 

. simplicity and can be a usefu-1 measure for certain situa- 
tions, but some problems occur when it is used for a 
detailed •analysis . 

•-This module is^the first in a sequence of three, ^ 
The subsequent modules., in this series will study other 



measures of voting unity which have- been developed. This 
module may be used alone, or in con j unct iDn. wi th .Unit 271b, 
Measures of Voting Unitj^^I: The Probabi lity of j\grei3ment 
Measure and Unit 271c, Measures of Voting Unity I IJ : The 
a - Index-. I * ' > , V * • 

.2 ., THE RICH INDEX OF UN.ITY . 

: I . — ^ 

2.1 I nt roduc 1 1 on . . ♦ 

The most obvious and natural way*to measure how united 
a graup is when it votes on an -issue as to use the size of 
the majority on the vc^ten for comparison purposes the», 
proportion of the group in the majority can be, used ^a^ 
the measure of unity. If we denote the group size by-n 
and. the number of the majori4:y by M, this is M/n. If 
the. group^ votes unanimously, t,his proportion will be'l, 
whereas an even Split in the group will yield a proportion 
of^O.5. . " ' 

It^is convenient to put'an'index which measure-s 
extremes, as this one does., ranging from least united 
to most united, on a scale which ranges from 2ero to one. 
(In sojne; circumstances, a measure is constructed so that 

,it ranges from -1 to +1.J The proportion in th^majority 
does not do this. Consequently, we normaVize ; or res'bale, 
the measure so\that the ordering is preserved but th^. <' 

, range -is converted from, 0.5 to 1 to 0 to 1. ' 

The easiest method of normalization and one which 
preserves tlie relative dif.f.er(fnces. ^long the scale is to 
use a linear transformation which consists of twc^^steps:' 
^(^) subtract the lowest possible value o»f 'the' raw measure 
(the .majority proportion) from the obse^rved value;/ 
(2) multiply by -th^e reci'procal of the- length of the 
range of the raw measure. The first step will move the 
lowest possible value to* zero and the secojid step will 
yield a range of length one ,' so tjie derived measure^ will ' - 
range from zero ^to' one. 



It 

^ r 

t 

The majority proportion r^n'ges from 0.5 to 1, so the 
normalization* is the followi-ng: * 

^ RI = 2(M/n - 0,5) = (2M/n> - 1 * 



Vhex'e M is the, obseFved maj oFi ty . 'We call tTie derived 

.index the Rice In^ex, after S^ifart Rice^ [-1924] who first ^ i 

used this me^sur(? of unity. * " ^ ] 

I . . W • ' 

Rice originally defined the index in terms of the' 

majority proportion arid the m-inority proportion, m/n: 
RI f M/n m/^n. 

Since m/n = 1^ - M/n, this is equivalent to our formulation. 

The Rice Index is an absolute measure of unity in ^erms 
of n\ajority size. *It does not take into account whether 
people vote yes or no, or for One candidate or* his opponent, 
rt is based on the assumption that there are two* alterna- 
tives for the voter*. 

The Rice Index has the^ virtue of being ea*sy to 

interpret and easy to calculate. It is certainly an 

appropriate , measure of unity for a© s imple -arialysis of 

a situation. , 
t 

2.2 Calculating the 'Rice Index > ^ 

The /calculation of the Rice Index is straight- 
forward: if .Y is -the number who vote 'yes, N the 
number who vote iio, ^nd ^ n is the size of the group, 
'then tKc. majority proportion will be the larger of Y/n 
. and N/n* RI w,il-l dimply _be the. dif£exence-betw,een_the_ " 
J^a'Cger gjid 'the smaller of thp two numbers. i 

If a'computer i^ use'd to calculate RI for a large 
number 6f cases, tken it .is useful to formulate RI in 
terms of Y, N, and n since data are of tei^'available 
in .this form, RatJ\gr than test for the larger proportion, 
it; is easiest to formulate, RL as^ 

'RI*- |Y . N|/n,= |2Y n|/n, 

where || denotes absolute* value. ' 
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Example 1 : Suppose a group of eight 'Votc? five yes % 



and three* no.' Then the Rice Index be 



RIg(5) 



15 - 51 



= 0 



Lxample 2 : Suppose a group of sixteen votes one yes 
and fifteen no. Th'cn the calculation is 



We shall use the notation indicated in these examples: 
If n is the size of the group and k is the number 
voting ihi the majority, then tha Rice Index is denoted ^ 

.RI^(10. ' ^ 

» - * 

The complete set of values of, -the Ri"ce Index for groups 

of dight, sixteen, a,nd twenty -four is shown in Table 1. 
- ^, / ■ TABLE 1 

Values of the Rice l^idex for Groups of 8, 16, and 2^. 

%m 
50.0 
•5/1.2 - 
56.3 
58.3 
' 62.5 
66.7 
*68.8 
\ 70.8 

7sro ^ 

^79.2 
81.3 
. 83.3 
87.5 ■ - 
'91.7 
93.8 
95.8 

* icq' 



n ^ 


8' 


n = 16 


n = 2A 


RI * . ' 


k = 




k = 8 


k = 12 


0.000 








13 


0.083 






9 




0.125 








14 


0.167 


5 




10 - • 




0.250 . 








16 


0 .333 






U 




0.375 


















17 


0.417 


6 




■'■ ;V 


. 18 ^ 


0.500 








19 


0.583 






13 , V 


- z-'' 


0.625 






_ / 


• 20 

ft 


av667' 


7 






21 


0.750 








22 ' 


0.833 






15 f 




0^.^75*^ 








23* 




8 








0.917 ^ 




16 . ' 


24 


1. 000 
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2 ♦ 3 Exercises 



^1. " Calculate the»Rice Index for all possible majority sizes for 



a- group o5 n » 5. 

2. Repeat Exercise 1 for n = 7. 

* r 

3. Repeat Exercise 1 for n-- 10. 



5. GROUP SI*ZE 




The usefulness ofa mfcasure like the Ric( 
depends on the context, where it is use^. The Rice Index 
will be 'accuratQ when it* is used to c^pare ^he unity 
of groups of the sa^e size voting on s-imilar issues.'/.' 
Broader comparisons, however, raise some problems. <> 



3,1 Different Size Groups * ^ • 

The Rice Index .is designated so that it, always 
ranges on a standard 0 -1 scale jio matter what the 
group, with 0 indicating maximum disagreement ^on a vote 
and 1, complete agreement..^ What do intermediate \^lues 
represent? If tvyo groij^gs ofdiffet^nt sizes.,both have a 
Rice, Index of- 0.4, can we say that* they are equally " 
united? In ;the absolute sense of equal\roportions , they 
are-^qually united. Hd^evpr; if the purpose 'of -measuring 
unity o'r^ a'vote is to say some thing-, about th^ common , 
,purpose or the underlying cohesiveness of 'the group, 
thenxit is hot clear whSit the Rice Index shows^ \Vie ' 
have all experienced the phendift^na that it ts easier to, 
r^ach^agreem^nt in-tr smaU group than in a large one. 
Perhaps it w/>uld be reasonable say that a moderately 
lar|e Rice IndexL say ^0.6 iftdicates more cohesiveness 
for'a^large groJp than* for a small group. ^* 



10. 



5.2 Esta))lishing a Norm ^ . - - . 

In*order to address this problem effectively, we 
—must make -precise the idea- that i^t- is moi^^if f icilt \ 

'.for a large group to re^ch a high -Rico Index than for* 
a small g.roup. This suggests that we adopt some-- • 
assumption about the behavior" of the individuals 
involved. Rice himself suggested that a reasonable 
nettral basis for comparison would be that each indivi-^ 

^dUal member of the^ group is equal fy .1 ikely to vo4:e 
yes or,.Yio. independent of the others, 'lie observed 
that .under such 'an assumption jfn even split )n the 
yfo'te was the most likely outcome. This would be » 
signified. by a Rice^ Index near zero. R^ce did ^not 
carry his an^jlysis any "fiirther . 

We will use Rice's ^d(<a»to esfablish a norm for ^ 
the way groups vote. JVe assume . -as Rice did. that * • 
each voter is equally likely to vote yes'or no, * « 
independent of thfe. others. We •t.hen consider ajiy 
, deviation from the behavior indicated by this norm *' 
to be aji -indicsition^-of unity or*d>sunity. This rs \ 
not to say that we expect a smal*K^roup to' vo-^ ^ , 
according the norm'/^but rather to assert t/at others 
behavior indicates something beyond neiJtral random 
behavior, something which may., in fact, b*e associated 
with the ^format^on of the group under study.. 

When we use this norm'for b-ehavior. we* may calculate 
the probability under it that any par^cular value for 
the Rice Index is achieved by a group of^ a particul^ar"' * 
size. 'We may -also Calculate the'average valij^s of- the - 
^Rice Index under^this norm for groups of ' dif f.erent sizes. 
When ive do these calciilations below, we shall* see, in V 
fact, th^t it is^ harder, in the sense of less li\ely,. 
for large groups to achieve Jiigh val'iies (xt the Rice 
Index. . * # 

) .- ' • • \ 



- l-ir'- 



5.3 The Probability 1)istribution 

The probability'distribution of the values of the 
Rice I^dex derives* from the binomial distribution. 
Under the assumption that we have mad6 for our norm, 
each voter is equally likely to vote yes or no indv 
pendent of the others. ,This implies that the number 
of yes votes, Y, is binomially distributed with 
parameters n, the group size*,^ and p =- 1/2. • The 
Rice Index is a simple Function of''Y: 



RI 



2Y 



The calculation for the probabilities that RI takes on 
its various possible values is easy if- we observe that 
each value of RI derives frpm two possible values for 
Y, each, having the same prpbability except in the 
case RI =0. We illustrate these calculations with 
the following example.. 

Example 3 : We calculate the probability distri- 
blition for ^h.e Rice Index for a group of four voters. 

PIRI = 04,.^='P[2yes, 2 no] = (j) ' .= 3/8 . . 

^ . ♦ ' ' - » ' ^ 

PfRI ^0^5] = R[3 yes] V P[l yes]' =' 2(^) (|) ' =,l/2 



r PIRI =7 ll^=.J'{4 yes] + P [0 yei] 14^2%^) (J) = 1/8 

The probability distri bullions for the kie^' 'Index v 
far groups ^ of* "icight, sixteen, arLd\twenty-£our ar^ shoM 
in Table 2 . '^'i^.V^^*-: - ./V "^*' ■ ^ 
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TABLE 2 

Probability Distributions of the Rice Index 

24 



RI 



n = 8 
M p 



n = 16 
M p 



n 
M 



0.000 
0.083 
0.125 
0.167 
0.250' 
0.333 
0.375 
0.AI7 
0.500 
0.583 
0.625 
0.667 
0.750 
0.833 
0.875 
0.917 
1.000* 



A 0.273 

5 O.A38^ 

6 0.^19 
*7 0.063 
8 0.008 



S\ 0.196 
9 0.3A9 
10 0.24A 



11 



0.133 



12 0.056 

13 0.01? 
lA O.OOA 
15 0.000 

\16 0.000 



la 0.161 

13 0.298 

U 0r^3A 

15 -0.156 

16 0.088 

17 0.041 

18 0.016 

19 0.005 

20 O.'OOl 
^21' '0.000 

22 D.OOO 

23 0.00?^ 

24 . O.oob 



3.4 Cojnparison of Graups Differing in Size 

TJhe distributions of the values of the Rice Index, 

as for example those 5hown in Table '2, enable us to • 

compare different size groups. In the following example 
we repeat some of* these calculations*. 

: ' \ '. 

Example 4 : We calculate the probab*'ility ,that groups 
of eight and sixteen achieve RI values of 0.625 or, greater. 

^-'--v'fot the group of eight, RI > 0.625 »when the majority 
IS 7 or 8:- 



13 



* PiRIgi 0.6251 = P [7 yes] + P[l yes] + P[8 yes] +P 1^0 yes] 

, = 0.071. ' . 

For the group of sixteen, RJ^V 0.625 for 'majorit;es of 
13, 14, 15, or X6: * . • . 

P[-RI^^ >0.625]= P.[I3 yes] + P[3 yes] ^+ F[14 yesj 
» • * 

• \ . + P[2 yes] + P[15 yesl + P[l yes] 

. P[16 yes] +^P[0 yes} ^ J 

* • * ' 

I - = .0.021. . J 

i < . . 

We see that it is much less likely for the group of ,six.- 
teen to achieve an*RI value of 0. 625 or higher than' it is 
for i| group of eight.. In addition we note that this out^- 
corneals relatively unlilcely for either group and it is 
most likely that the, Rice Index will take. a value.less 
than one-half. Botlj. these charadrj^ji'S'tics of the 
Mce Inde:{ are confirmed if we refer to the^distributions 
'in Table 2-. - * 

'f These obeservat ions, cgnf-irm two facts about the Ri»ce 
Index. > It does make sense to say that it is harder for. 
^ large groups to achieve a high degree* of unity if we mean 
by harder, less' likely Under the neutral. behavior re- 
^flected by Qur no1:m. Consequently, it is diffrcult to 
interpret comparisons o£ the Rice' Index for different 
size groups. In addition, for any §roup the values of 
the Rice Tndex will teifd -to be in the lowest part of 
the range. Although the possible values range from zerq 
to one, it' Ishould not ^be surprising if most of our obser- 
vations yield values les^ than 0.5. Thus the range of 
values is in this sense non-uniform. * ^ 
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3 . 5 Exercises 

A. Calculate the probability distribution for the Rice Index for 
a group of n = 5., ' * 

5. Repeat Exercise A for n = 7. 

'6. Repeat Exercise A for n = 10.- 



^ • ' 4. EXPECTEtf VALUE . . - * 

4 . 1 Calculatio n 

One way to assess* the tendencies discovered in the 
previous sectionals to calculate /he expected value for 
the Rice Index under the norm wh/ch we are using. Since 
many assessments of unity will be made by using averages 
of a number of observations,- the expected value should 
be a .good benchmark. It should furth'er illustrate the 
tendencies referred to above. 

Example- 5 : Wc calculate the expected value of RI 
for a grodp of eigh.t: - ^ 

. E(RIg) = 0 • P[Rig\= 0] + 0.25 - P[RIg = 0.25] 

+ 0.5 P[RIg = 0.5]*+ 0.75 - P[RTg = 0.75]* 

+ 1 ' P[RI,g = 1]/ • 

= 0*+ (Q,25)-t;0.438) + (0.5M0.219) 
+ ^o!75)(0,063) + 1(0.008) 
' 0.273. . ' ' • 

Here we have used the probabilities wh ich "w^^alxeady 

calculated ^nd are displayed in Table 2. 

ft* ' * 

4^.2 * The General Form d-->,^^x-^r-'''''T\ 

The following calculation establishes the general 
formula for the expected ^value of^ the Rice Index! The 
possible values of RI^ will.be for k ranging 



15 



10 



t4irough the integers from ((n+l)/2^ to n, ) denotes • 
the greatest j.nteger function, 'Then we havei ^ 



2([(n+l)/2] ■+ 1) - n r- ■ ^. 
• P^M = ((n+l)/2r"'^ 



wh&re M' is the ftumber in the majority. In a more com- 

^■.^ im- 



pact form 



k=(n+l)/2 



2k-n 
n 



P(M ='k) 



JDL 



I 
k=0 



P (k vote yes ) 



The 1-ast expression. can be written as follows jj^using .^f^ 
binomial distribution for the' yes votes:* 



(1) 



. k=0 ^ ^V.\ ^ ^ 



The last step is a rather tricky calculation which 
leave as a challenging problem. 

This formula enables us to demonstrate th^t the . 
expected value of the iCice Index gets smaller is ^t'he, 
^sixe pf the group gets -iarger. Suppose,. for exjjmple, 
that n i^s odd,'n ='2r+l. Then' 



= J (2r^i ) !• 

■)2r+J r!(r+yi 



-= 1 f2r+l] 1 f 2r! ] 

2 [Tn"J jTF [tvftI 

r+l 1 (: 
FT2 ZTF [ 



2rH 
2rH 



f2r 
r 



(2) 



(n+l) 2n-l ([(n-l)/2] 



Thus the value ^f E(RI) is slightly smaller for a group 
including one more voter. If n is ev'en, a similax 
calculation wi'll show that^ 



(3) 



\ 



Thus, whenever we increase the ^e ^f^the group by one, 
..the expected value of the Rice Index either stays the 
same, (even to odd) or decreases {odd ^o'even). . ^ • 

. \ 

-4.3 An Alternate Form ; 

^•^ .We can derive a simpler formula for the expected 
value of the Rice Jndex from the one given above\ First 
we observe that 

' . ECRIj) =1, 

since a group of one always votes* as a\,majority of one. 
Then by- formulas 2 and 3 we can successiVely derive the 
following: ^ 



ECRI^) = E(Rl2) = I 



E(RI,) =.|e(RI3) = ^ , 
ECRIj) = ECRI^) =.J44 
ECRI,) = I E(Rl3) = 1^ 



The general form Will be, for n even, 
(4) E(RI„,p = E(Ry^= 

This formula makes it easy to calcul|tf;e values of E(RT) 
for different size groups. These values are given for 
n = I - 53 in Table 3. 

TABLE 3 . 



Values 


of d(RI) 


for n = 1, . . 


33 


n 


E(RI^) 


n 


E(RI ) 
n 


I 


1.000 






2,3 


0.500 


.18,19 


0.186 


4,5 


0.375 


20.21 


0.176 


6,7 


0.313 


22,23 


0.168 


8,9 


0.273^ 


' 24,25 


0.161 


10,11 


0.246 


26,27 


0.155 


12,13 , 


0.2i26 


V 28.J29 


0.149 


14,15 


0.210 


'30.31 


0.145 


16,17 


0.196 . 


32,33 


' ^0.140 ' 



The trend displayed in this table will, continue:, 
the group size gets larger., the expected .value of the 
Rice Index'will approach zero. * ' ^ 

This result indicated that tfie size of the group 
is a. major determinant o'f the Rice Index. .Consequently, 
comparisons between groups "df different sizes which, are 
intended to analyze factors other tlian group s^ze on . ' 
voting unity are difficult,, Tho i^he of the'«i^ice. Udex 
for such comparisons 'is quest ionalile . o 

4 .4 Ex ere is eg * 

7. Calculate the expected value of the Rice Index for a group 
of n = 5 diveotly. using the distribution found in Exercise 4. 
Compare your answer to the result given by Equation (i)r. 

8. Repeat Exercise 7 for n = "7 . ' 

9. Repeat Exercise 7- for n = 10. 

10. Suppose a group of eight votes 5-3 twice, - 6 - 2 once, 
and 8-0 once. What is the average (mean) of the Rice 

^ Index on these four votes? How does this compare to the 

expected value?, Would you say that this group is relatively 
^, united compared to our norm? * 



5. THEORETICAL P RObLeMS 

t T , . * 

Suppose our ob^^ctrve were to measure agreement* of 
a group with a Articular sta^d on an issue by 
observing the number who voted for that view. If 
n is the number in the group and Y is the number 
who vote yes--in favor of the stand--we can take Y 
as a raw measure of^ agreement and Y/n a propor- 

tional measure. What is' the range of the^ proportion 
Y/n? How can we normalize Y/n to a measure' which 
ranges from -1, iadic^^ng complete disagreement 
with our' stand 6n the issue, to zero, •indicatitig - 
a neutral group, to +1 / indi cat ing complete* ^'^^ 
agreement? * 



^ 2. Show .that for,- n even, B(RI^^) = E(RI^^) 



* 



"3.** Show\that' 

^IcSo ^^^^r 2"-^ U(n-1)/21 
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problem is^^ssennlally.^the same. as Problem A-4 on the 1974 
mnawKEXamlnatiob, Solutions to that exaxninatJlon Ire In "the 
Noveisiblr, t1^7^, Mathematical Monthly^ 910. ^- J 



. MEASURES OF VOO^ING Mip 11 ^ oc 
'. : • ' THE PROBABILITY- Qg. AGREE-NEJgf MEA^ tfRB • , * 

In^Unit 271a \ye ^e^*^crj:^^th^ ^ip^^Y^^ of unity.- 
measure of how united a'groi^^&^i^^-^^»^c??^^ it 
votes.-^ Although the Rice' Inde^^'-Mftj'j^opriat^ c 
sample analysis, we saw that ,thene'^^!Pe>^if^iJ|l ties 
with using it far a more detailed-^^^lx/d^^^i^i 
the Rice-ilndex seems to depend on tljt.'.si^P'df ^:h^/^roup . 
If we assaime that 'each voter is equaf^, ^^^^y-^^/vl) 
yes or . no^ independent of the others a"^^ a^^n^^tft^aj^^t^'s'is', 
"for comparison, then the expected va^ii^fij^-.^li^VRi^e 
Index decreases as the~si'ze^of the, ^o|f^^s larger. 

The f^ct that this major dif f j.cuf^ii^lji th,,the Rice 
Index is brought ^to li^ht by the use of^a. norm based on 
probabilities suggests that we might, use the ideas' of 
probability? theory to develop an al>erna\e measure of 
unity. In /this module We will describe the Probability- 
of AgreemeiXt measure which has been disco\^ered or re- 
distovered 3)y several people (Rae ^Jiid Taylor/ f970; . ' * 
Rieselback,; 1960; Schubert, 1959; '-gram's .and' a» Leti»y.,^ 
1970). \ ^ ^ . ' ' ^' ' ' 



. ^ \ 2. THE PROBABILITY OR AGREEMENT \ 

Definition " 



The 'bas^^s for tfie . Probability ^of Agre'ement measure 
is a probabijity .calculation base'd on the. results, o/ 
voting by a sjnall grou^^-y-vW^ calculate the' a ^ostevio^V 
DTobability tfj^at two members the. group select.ed at ^ 
random agreed ^n the vote.. In 'other words . Jcnovijig how"' 
th6y -voted, we ':calculate the probability tjiat^if i^e ' ' 
randomly selectjtwo voters, then they both *voted yes 
or both^^y.^t'^d* no. We denote this measure of agreement 
by PA; ' ' ^ . , ^ * ' ^ 



, Because the PA measure is itself a prdha4)i 1 ity , jt 
^wili automatically fall^ orf the interval 0 - I. .A value 
of 1 would indicet^ that no matter uhich two individual 
voters*^were selected, they were sure to have agreed, 
meanihg the whole group must havd been comp4etely -united 
A low value of VK, which, can never he exactly 0, \«)uld 
•indicate that the chanceW^i^he two randomly, se lected 
individuals having agreed is loV, melining t'ho.groiiV 
must have been divided on the yole. Thus we have a' 
. 0 - J. scale for the PA measure which has a natural 
jntf^erp^rc^tat ion. , * . 

We c^i use the ideas of fonditional prohabifity fo 
concisely describe the ^PA mea^^J^ First, we will let 
4» denote the size of^the gr^ip unSe?\ons iderat ion , k 
the'nifinber voting in the maj^ity, and PA (k) the 
resulting value for the Probability of Agreement. Since 
the measu^ is based on '-agreemervt between two rajj^omjy 
selected members of the group, we denote this eyent by 
'AG2. Recall that the notation 

PfAlE] " ' - . . 

means, the probability of event A, give.n that event B 
occurs. Then we may define the Pi;Qj)ahi 1 i t-y of Agreement 
by the conditional probab\|il i ty : ' 

where M'is the size 'of jthe majority. We may 'read this 
a^ follows: The Probability of Agreement for a group, 
of^size rv with k in the majority is the probability that 
two ^randomlyselected voters will agree, given that "the 
size of the majority*on the vote i.s k. In this formula- 
tion we regard the size of the majority. M. as a random 
variable whidh may take ^on. di f ferent values, k,, with 
different probabU i t^ es . f.Thos^ probabi Wt ies may lA - 
based.-on >n assumptio? abStl^^eyvior such as .J:hat intro- 
duced-in. the first module: each vdter is equa'l ly likely 
to vote yes or no Independent^ of the others. This form- 
ulation of PA is coAcep'tually'^elpful . 

■■ - _ '. ^ . ' ^ 
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2>2 Calcutation of PA " \^ . , # ^ 

In order to calculate the- Probability of Agreement 
rae.asure , we must calculate the q posteriori probabilities 
which define it. Although the alternate definitioi\ of 
PA invplves^ conditional probabiliti-es based on assump- 
tions about the way individuals vote, these assumptions- 
play no role for these calculations* "The calcula'tion 
of PA^(k')' can be rephrased as a standard probability 
prob^m: given a group of n things (the votes) divided 
iato one gtoup of k things (majority voters) and 
another group of,.n-k things (minority voters), what is ^ 
.the probability that when we choose two things randomly 
from the grouj5, they are both in the same subgroup. 
.Consequently, * . , 



(2) PA fk) 



a a ! 

where (^) = b * (a-b) ^ number ,o^cojnbi nations of b 

things select e'd tfrom a things. 

Example 1 : We calculate the PA measqre for the 
different possible votes in a group of eight:'* 

(2)-^(2) 12 



■ ^2^ ' >». 



r 5 3 



• . ^2^ 



ERIC .23. 



19 



/ ^ 



\ 



^2^"" 21 
^2^ • 



1 



PAg(8) = = 

(3) . ^ 

Table 1 shows the values of the Probability of Agreement 
for all possible votes for groups of eight, sixteen, and 
^ twenty- four . 

TABLE I 
Probability of Agreement 





n 




n = 


16 


n = 


24 


k/n 


k. 


PA 


k. 


PA 


k. 


'PA 


0.5 


4 




. 0.429 


8 


0,467 


12 


0.478 


• 0.542 










13 


0.482 


0.563 






9 


0.475 






0.583 










14 


0.493 


0.625 




0.464 


10 


0.500 


15 


0.511 


0.667 










16 


0.536 


0.688 






11 


0.542 






0.708 










17 


0.569 


0.750 


6 


\o.571 


12 


0.600 


18 


0.609 


0.792 












0-656 


0.813 






13 


0.675 






0.833 

• 












'0.710 


0.875 


7 


0.750 


14 


0.767 


21 


0.772 


0.917 










22 


0.841 


0.938 






15 


0.875 






, ^ 0.558 










23 


0.917 


. 1 ^00 


8 


1.000 


16 


1. 000 


24 


1.000 



2.3 Group Size , ^ 

Table 1 shows that the Probability of Agreement 
corresponding to a majority proportion of 0,75 varies 

.20 



24 



from group to group. For* a/group 'of eight it i? 0.571, 
for sixteen 0.600, and for twenty-four 0.609. Thus the 
PA measure is higher when the same majority proportion 
is achieved by a larger group. This accurately reflects 
the -intuitive idea\.discus sed in the previous module that 
it is harder for a large group to achieve the same high 
proportion in the majority. 

We can use the same norm of behavior as we did for 
the Rice Index, to see whether this* property works 
generally. The probability distribution for the dif- 
ferent possible majority sizes will be the same as 
those calculated forvTable 2 of Unit 271a and , can be 
used to calculate the expected value of PA under tbi^ 
norm. . * - - 

We can, however, derive a general e^i^pr^ssjon for 
.the expected 'value' *of the PA measure which is very 
revealing. Recall *that the ppssib.le majority sizes 
for a group of n voters will range from [(n+l)/2] 

to n, we^may represent this expected value as fbllows: 

* * . 

* ^ • ' n 

E(PA„) = I ' PA„(k) P(M=k) 

^ ^ k=[(n+l)/2] 

' n * 

I PIAG^lM^kl P[M=k] . 

k=I(n+l)/2] ^ 

The second ^expression uses our alternate formulation of 
the PA measure in terms of the conditional probability. 
But we observe that in^ thi^ expression the. summation 
runs* over all possible ' values pf M, so that we have t 



tlie equivalent expression: 



n 



^(^^^J " . P^IAG^^and M=k] 



^ k=[(nil)/21 ^ 



' ^ = PIAG^l . 

the last i^ .the a priori proba,bi lity under our assump- ' 
tion about the behavior of individuals, that two randomly. 

ERIC ^ 



selected voters* will agree on the vote. But ijsing our 
norm this probability can be calculated directly. Since 
each voter ^i? equ3lly likely to vote yes or no, indepen- 
dent* of the others, we have ^ . 

PCAG^) = P(both vote yes) + P(both vote no) 

I - 1 ' 

= (i) - (i) . ^ ^ 

1 • ^ 
" 2 • 

Under ^the neutral behavior which we assume fox compariso^n, 
the expected value of the Probability of Agreement is 
always 0.5. Consequently, the size of the group is not 
a significant factor in the determination; of PA, so PA 
may reasonably be used to compare the'unity of different 
size grpups. 

In addition, the • value. 0 . 5 which is the midpoint of 
the range of the PA measure is also the natural result. 
Groups with a PA greater than 0.5 can be regarded as 
relatively united and ]g roups jo-t-tT^ PA less thap 0 . 5 as 
disunited. 

2 . 4 Exe rc i SOS - ' * 

1. Calculate the Probability of Agreement measure for all the 
majarity ^ize for a group with n = 5 voters. 

2. Repeat exercise 1 for n = 7. 

3. 'Repeat exercise 1 for n ' 10. 

A. Use the probability distributions calculated for the exercises 
in tfie previous module combined with the results of exercises 
1. 2. and 3 to directly calculate the expected value^'^of the 
Probability of Agreement for n » 5, 7, and 10. 
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3. OTHER PROBLEMS 



3.1 The Range 

'Although the Probability of Agreement measure has 
solved one diff iculty " raised by the Rice Inderx, it has 
a different problem*! Careful examination of the range 
of values of PA shown in Table 1 shows that this measure 
-liever- has values near zero. Although the theoretical 
range of PA is^ zero to one, because it is defined as a ' 
probability, in practice its lowest values, are never 
far below 0,5, Consequently, the use of the PA measure ' 
will make distinctions between groups with values in 
this range difficult. * 

3^.2 A Normalization 

•We c^n apply a normalization metJiod jn order to 
correct the problem\ raised above. This approach was 
develqped by Brams and 'O'Leary (1970). We use a 
method of normalization just like the one which we 
used to derive the Rice Index. However, since the 
actual range of the PA index varied with group, size, 
we do the normalization for each size of group separately. 
We use the definition of the Agreement Level I^dex, AL, 

given by Brams and O'Leary: ' ' 

jt 

PAy^(k) - minCPA ) 
(4), , AL^(k) = n^ax (PA )-min(PA ) ^ 

n ^ n' 

In the numerator we subtract the smalles-t possibTe value 
of the ^1?A measure for a group of size n (step 1) and 
then we divide by the length of the range of the PA 
measure (step 2J. ConsequaQ,tly , the AL measure will 
range from zero txt one and both extreme values are 
possible. 'Observe that max(PA^) = 1 Tor any h and ^ 
min(EAy^) » PA^ I (n+l')/2 J . We may wmte 
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PA^{k) - PA^([(n+l)/2]) 
(5) -^l^W.- 1 - ?A^ntn>l)/2T] : 

Unfortunately, this normalization procedure destroys j:ho 
simple interpretation of the Prbbabi 1 i ty of Agreement 
measure. 

3.3 .Calculation of AL 

In order to calculate AL for a group of size n, 

we must first calculate the smallest possible value of 

PA for that size group, then calculate the actual PA 
for the group and use formula (5). 

E-xample 2: We calculate all AL^ values for a group 
of 8 voters 

min(PAg) = PAg(4') = 0.428 

from Example 1, so the AL formula is 

T • PAg(k) - 0.428 PA^(k) - 0.428 

^^8^^^ ^ ' 1 - 0.428 " 0.172 ' 

Using the values for PAg calculated in Example 1 we 
get the following- results : 

A4.g(4) = 0.000 

ALg'{5) = 0,063 * 

ALg(6) =0.250 

ALg>(7) = 0,563 

ALg.(8) = 1,000 . . 

The yalues of AL for groups of eight, sixteen, and 
twenty-four are given in Table 2. 

- f ^. . ... ^ ^ _ . - 
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^ TABLE 2 

Agreement Level 





n 


a 8 


' ' n ~ 


16 


n 




k/n 




AL 


k. 


*AL 




AT 


0.5 


4 


^).000 


8 


n nnn 

U . UUv 


12 


n nnn 
u . uuu 


.0.542 










13 


0. 007 


0.563 
0.583 






9 


0.016 


14 


0. 028 


0.625 


5 


0.063 


10 


0.063 


15 


0 . 063 


0.667 










16 


n 111 


0.688 








0# 14 1 






0.708 










17 


'0 . 174 


0.750 




0.250 


12 




1 R 
io 




0.7^ 










19 


0 . 340 


f\ Q 1 Q 






13 


0. 391 






0.833 










20 


0.444 


0.875 


7 


0.563 


14 


0.563 


21 


0.563 


0.917 










22 


0.694 


0.938 






15 


0.766 






0.958 










f3 


0.840 


1.000 


8 


1.000 


16 


1.000 


24 


1.000 



3.4 Nothin^g New 

Table 2 sjiows that different size groups with the 
same majority proportion have the saifte agreement level 
measure. This property .also holds for the Rice Index 
(since it is defined ih terms of the majority propor- 
tion) and suggests that there is a systematic relation- 
ship between >\L arnd RJ . Careful examination of 
Table 2 and Table 1 from Unit 271a on the Ri'ge Index 
reveaJLs that for the case, when the size of the group 
is even: 
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AL^(k) = 



PA„(k) 



PA„(n/2) 



1 - PA^(n/2) 



by (S%^^ 



;w2 



)/(' 



by (2) 



- ^-C^-n + (n-kjb.(n-k-l) 

n(n-l^ -\2(n/23 (n/2 

^ fk - (n-k)l- 



2(n/2)(n/2 

n 



1) 



(61 

When 
holds 



AL^(k) 



RI (k)^ 
n ^ ^ 




n is'odd it-can be *shown that the same relation 
* exq^pt that there is a small error of the order 
This calculation is lef^t as a problem. 



The Agreement Level measure has no intrinsic meaning 
of its own and it is diff^icult to compute directly. 
Since it is essentially the same as the Rice Index, 
there is no point in using it as an index of unity. 
This is a good example of a natural effort to develop 
a measure which simply does not' work out. \' ^ v- 

In the third module in this series. Unit 271c, we 
will develop another measure of unity which avoids the 
major problems of both the Rice Index and the Probability 
of Agreement and also has othe'r desirable properties. 



5 . S Exe rcises 
5.' 



Calculate the Agreement Level Index for all majority sizes 
for a group of n = 5 . How do these values compare with 
the values of the Rice Index computed in the exercises of 
the previous module? 



Repeat exercise 5 for n, = 10. 
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. 4. MORE THAN TWO ALTERNATIVES 

4.1 A New Problem 

In some situations, a political scientist may want 
to measure the uni*ty of a group which has more than two 
alternatives on a vote. The United Nations often has 
votes where abstention is an "important distinct alter- 
native. In that case therq^ are three alternatives: 
Yes,* no abstain. Another situation which would have- 
ipore than two alternatives is an election with 'more ' 
than two candidates. 

The Probability of Agreement* is a natural measure 
of unity in ^a situation with more than two .alternatives . 
It has the same definitiojl and natural meaning as for- 
the two alternative case and it still h^s the desirable 
property that group si^ze does not affect the expected 
value (which may not be 0.5, depending on what norm' for 
behavior is used) . 

The Agreement Level Index was originally developed 
by Brains dnd O'Leary for a many alternative situation. 
In this case the close relation to the Rice Index is 
not as jeVi4ent. However, the AL index again turns 
out to, be essentially the same as a simpler measure, 
the extended Rice. Index squared. ^ * \. ♦ 

The Rice Index sqtiared^can be written as 

(7) , ^^h^. iM:^^' , / . ' " - 

" n • ' . ' 

where ' M .arid m are the number in the majority and 
^ijority for a group of n ^ voters. The advantage of 
squaring is that the formula, may be expressed in terms 
„af:.4^es.*A«)tes-r--y-y -and^no- vot^es-r '-Ny--wit-hout-using— ^— 
absolute ^v^lues: 



(8> , = (mi 



n^ 



If there are t voting options, we let m^ , m^, 
Q . . . , m^ 'be the number who vote for each of the alter- 
natives, .Then the natural extension of (8) is the 
average of the squared pairwise differences of the 
fractions, m. . Consequently, we adopt the definitions: 

7 . , t-1 '"t (m.-m.)^ 

^ - RI^tn^,m',...m ) - ^ I I \ / ^ 

^ \i = l j=i+l . 

Thomas Casstevens [197Q] has also suggested this * 
extension of the Rice' Index. He called the square 
root of this expres?^ion his "general index of cohesion". 

• The idea of this measure is that it is the average^of . 
the pairwise squared differences of the fractions. We 
divide by t - 1 rather than t for the average to com- 

Lpensate for the fact that when we know all but one of 
the m^, 'the value of the last one is determined'. In 
statistics we would say we Have t - 1 degrees of 
freedom. The essential fact for us is that t - 1 ik 
the corrdct factor to scale the measure to range from 
0, for anLeven split, to.l for a unanimous vote. 

4 .2 Calculation of ^ PA and RI^ 

-We shall calculate the valxies of these two measures 
for afWoup of six voting on three options. 

Example 3 : 'Calculation of PA for a group of six 
'with three optigns. ^The possible ways *the group^ can vote 
are 6-0-0, 5- 1-0 / 4-2- 0 , 4-1-1, 3-3-0, 3-2-1, and 2-2-2. . 

^ ' • r6^ '^6. ,0, 




__PA.(6,0,.0) = -1 1 = 1 
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'^''^^ measures seems to work reasonably. The 

* - - ic r' - ^->'' V^ice Indexii^ctyare'd will have the same dependence 'on g 

'^^^-^vZt'^^^^ ^^-^^rf' /S * ^.^sl^e- as' the original Rice Index whereas the Probabili 

^''^^^^^^ ''.S'V^-' of'^greement will avoid this problem.' The PA measu 

g;;!,^ ....-^^^ - ' . ' on the other hand, does not reaLly range from zero to 



one and the! Rice Index squared does. Which measure is 
appropriate, for a particular problem wilL depend on liow ^ 



' DA -> '>^- ' V V . \ the investigator balances these characteristics. 

PA^(2,2,2-)-.::. . '=^-= 0.200. * , ' . . ^ ^ 

.^2^' ' ' ' ■ - " ^ - The third module in this series, Unit 271c, will 

' . ,* * .— V - * ' > ' develop another measure of unity wKich seems to combine 

Example 4 ; We calculate .the, values of HI^ under"'"- the best features of the PA and * RI indices\ 



the saij^ circumstances: 



4.5 Exercises' 



^ .Rl5C6,0,0) = 1 '.(6-0)^-^C6-^0)^+fO-01^ l.OOq- ^^'^ ' ^ ' Calculate the Probability of Agreement for all possible ways 

/* . - ' ^ » , V - in which a group of n «= 7 can vote on 3 alternatives. 



Ri|(s,i,o) = i .(s-ioVfs-a^^^f-i.ov 



8. Calculate the Rice Index squarecf for all possible ways in 



I* ^ ' 2^ — — 0'. 583 which a 'grobp of n = 7 can Vo*te on 3 alternatives. 

' (> - ■* — - ■ e 



RI|(4.2;0) = 1 (4-0)^^(4-2)^f2-6)2 ^^^.^^^ 
« ^- 6^^ 
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5. THEORETICAL -PROBLEM S . 

9 ] ' 

, 1. Show that^if we' assume' tha^^eaxh VOT(er"vo"tes^~yes 

with aprobability p * and .no with the probability 
q-- 1 - p, independent of the other voters, then 




30 



the expected value of the Probability of Agfeemi^nt 

2 2" * 
will be p + q independent*, of group size. 

Prove that for n odd, , • . 

- r * * ^ 



AL^{k) . (RI„(k))2. 



n" - 1 ■ f> 

• ? » 

3. ' (a) Give the definition of the. Agreement Level 

I measure for many voting^ options . ^ , ' 

(b) 0 If there are t options with factions of 
m^, m2, ...i, m^, thenf show .that 

' ALj^Cmj^m^, . . . ,m^) = RI^(m^,m2, . . . ,m^) + , 

where z = (RlJ - l/{n^( ^^:^^^ ) - 1} , ' ' \ 

where x is the remainder of n/t and 
^ e = 0 if' r = 0. 

4. Show that the minimum value for PA^ approaches 
0.5 as the group size increases. 

5. What is the minimum value of ^PA^^ when there are 
t voting optionsY Does is approach a limit as 

h ii\creases? 
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MEASURES OF VOTING UNITY. Ill : 
THE g- INDEX 

1. INTRODUCTION 



InUnits271a and b we discussed the properties of \ 
two m^as^ures of voting unity, the Ripe Index and the 
Probability of Agreement. Each of these measures has 
useful properties as well as disadvantages. The major 
disadvantage with the Rice Index is thiit^it,is dependent 
on the sire of a group^ comparisons 'wi'th the Rice 

' Indpa of different size groups are questiQnable * The 
Probability of Agreement, on the other hand, has* an 
expected value which is invariant with regard to group 
size. However, it.does-nQt really range from zero to 

^one, so that comparisons of values of the Probability of 
Agreement near 0.5 are difficult. Efforts to normalize 
the Probability of Agreement lead to what we call the 
Agreement Lei>el index which turns ^out to be, essential Iy» 
the squar6^ of the Rice, Index. 

In thi5 module we introduce the a-index of voting 
unity which shares the 'fetter properties of the Rice 
Index and the Probability of Agreement and avoids other 
problems which we discuss in section 2. The disadvantages^ 
.of . the d-index are' that it is harder 'to compute and it 
does not easily extend to jnany .alternative voting - 
situations. ^ , ' ' , 

^ . ^ 2,- THE CONTEXT OF -A VOTE 

2>1 External .Circumstances \ 

^ ^ — ^ . ^ 

♦ W our discussions of the Rice. Index and the 
Probability of Agreement, following Rice, we established 

a norm of behavior to serve as a neutral basis for * 
comparison the following assumption:' each individual 
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fpis equally likely to vote yes or ^no independent of the 
others. Under this norm we founjj^ that the expected value 
of the Rice Index is closely tied to the size oi^ the 
group, whereas the expected value of the Probability 
of Agreement is 0.5, regardless of group size. \ 

For some kinds of analysis the norm is not appro- 
priate. Suppose we are studying the unity of small 
groups relative to a large. context . For example we 
might ask how united party'state delegations to 
Congress are, relative to'Congress as a whole. If 
a delegation p,^ 10 vojes 7-3, when the Congress as 
a whole has voted 205-230 on one issue,^but on another 
the delegation vStes 9-1 when Congress votes 405-*^^, ' " 
how are we ^to compare the unity of the ^rqup on the 
two issues? The i)easures of unity vhich we have studied 
so far would show that the group was more united on the 
second issue than on the first. However, Congress as 
a whole was very united on this issue as well,' so there 
is some question as*' to w'hi-ch' group is relative'ly more 
united. ^ 
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1 

Another circuinstance where a relative degree of ' 
unity might be appropriate is when the ex^ernal circum-^*^ 
stance is a measure of pu])J/ic opinion or opinions of the 
appropriate I'ar^e group, ^tuch as all Repuhl icians , hy , 
techniques 3uch as opinion polls.'^^'We migiit desire to 
measure the relative unity of a smSll group, such a5 a' 
delegation to a pai*ty convention, in a context like this.> 

Neither the Rice Index nor. the Probability of* 
Agreement can be used directly' to measure relative upity. 
We might be able to use statistical tools with* tJjese 
measures to assess the degree of unity of a smair group ' 
due* to the external circumstances and the residual unity'' 
Which must be aig^cribed to the^ group itself^ However^ 
this technique, can be quite difficult. Instead *^^e will 



introduce a'clirect measure of relative unity which we call 
the^a-indea. • - ' ' 

' 2.2 * Xhe Expected Value of RI and PA^ 

We can model the situation where we measure unity 
rela-€ive to the behavior of a 'largei^ group by using the^ 



behavior of the larger group as the norm for^ the behavix 
of the smal,l'?g^roup under study. We can .then evalu&t& how 
the behOvVior of th*e la^rge. group affects a measure of unity 
by calculating the expected yalue^of the m^sure ynder ^ 
the norm, /' ' ' . , * ^ 

There are two ways in which we can establish the 
^nonfl.jbased on external circumstances. If we have data,* 
f—such^s ,,^pti^ibn polls, i*hich indicate tjie probabilities ^ 
that an individual voter wilTvote yes, p, or no, q =l-p, 
tTien^ve assume for the norm that eaqh individual in the 
grbup^votes with these probabilities independent of the 
(^hefs. This norm assumes that the group is randomly 
iflme of individuals from est he observed population forming- 
."the« context for the study. . • 

A second method of establishing a norm could be 
• use4 when -the exact way the overall population has vo,ted^ 

is known. . It could be used; fori example, fo establish' 
- a nprm for a g.roup voting in Congress when the overall 
Xate*^of Congress is known. In this case, father than 
assume each individual in the sma' t^^g roiips. ^votes indepen- ' 
■*dent3ily, we assume ins^tead that the^fiall group is ^ 
randomly selected from the larger population which * 
consists of a faction who voted yes and a faction who 
voted no. The probabilities' for the possible majority 
,*^^izes in the small ,group is based on this procedure of 



drawing withput , replacement frQij^^^e^^largef population. 

For our examples we will- use 'the first method of 
establishing a norm, ^ * ' ^ 



Example 1 :. We calculate the expected value of the v 
Rice Inde'x for a group of eight* for two norms. The first 
norm will assume *a probability of a yes vote is p = 0.6 
and the second p = 0.7. The possible values for RI are 

^RIg(4) = 0, RIg(5) = 0.25, RIg(6) = 0.5. 

. Rl8(7) = 0.75, RIg(.8) =• 1.0. ; 

With either norm , 

» PCRIg = 0) = P(4. yes) 

\ • 

8 4 4 

O ' ^ ^ ^ 

P(RIg = 0.25) P(5 yes) + P(3 yes) 

- (^P^i-P)^ - {l)p\r-p)\ 

PCRIg = 0*5) = P(6 yes) + P(2 yes) • 
* 

P(RIg = 0.75) = P(7 Ls) + P(l yes) 

" * ■ 8 ■) ® 8 7 

-= (°)P/(1'-P) + (°)P(1-P)/, 



P(ftl„ = 1.0) = P(8 yes) + P(0 yes) 







=-(8)P° 


t, (q)(1-P) 


0 


Tjable. 1 


gives 


the distribution for 


the two^orms . 








-Tal^ll^l 








Probability, 


P « 0^6 


Probability, P = 0.7 






0*232 




0.136 




0.25 


0.A03 




0.301 






. ^ 0.250 




0.306 




0*75 


. ' 0.097 




0.199 




1.0 ' 


^ 0.017 




, 0.058 






0 




4 



'ft- 0 11 
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TKe expected value when P = 0.6 is E(RIg) « 0..%16 and 
when P = 0.7, E{RIg) - 0.436. In^Unit 271a in this 
series we calculated the expected value for P = 0.5, 
E(RIg) =0.273. We see that the expected value of 
the Rice Ipdex is quit/dependent" on the external cir- 
cumstances which are assumed to hold. 

We can calculate the expected valxie for the 
Probability of Agreement independent of group size. 
The same argument which was ysed in the previous module, 
applies so that *^ ' > 

E(PA) = P(AG^), . 

where AG^ denotes the event that two randomly selected 
voters in the group agree, and the probability is cal- 
culated according to the norm assumed. Again assuming 
that individual voters vote yes with probability p 
and no with probability q. -independent of other voters 
we. get o 

E(PA) = P(both yes) + (P(both no) 
• * 2 2 ^' s 

When p = 0.6, E(PA) - 0.6,^ 0.4^ = 0.52 and when 
p = 0.7, E(PA) - 0.7^ + 0.3^ 0.58. Again we see^that 
the probability of agreement measure depends on the 
external norm which is assumed tp hold.. 



3. THE a- INDEX 



'3.1 Motivation 



When we developed the Probability^ of Agreement 
measure we" used the a poerteriori probability of agred- 
ment as a means of making the expected' ^alue , independent 
of the group size. Because the a p<^ter£a/i probability 

the agreement of two individuals"^ in the" group has no 
coniiection with the context in which the vote was taken 
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it could not reflect the external circumstances of the 
♦vote. Consequently, since there can be no built in 
compensation, the expected valUc of PA must change as 
the assumptions about external ci-rcumstances change. 

In order to include some compensation for external 
a circumstances in a measure based on a' pro^bab i 1 ity , that 
probability must be a priori . That is, it must be a 
probability based on the assumptions mad£ about external 
circumstances, ^he a^index is just such ^measure. 

3 . 2 Def ini t io n 

The basic idea of the a-index is to ask the question: 
Under whatever assumptions are made about the behavior » 
of the groupv what is the probability that the group voted 
with the observed majority, k. or a smaller m^ority. 
This, probability will be 1.0 for- the -case of unanimity, 
since the group is sure to A^ote with a majority less\ 
.than or equal to the size .of the group. This- probabirity 
will be near .zero when the group is evenly split, since 
even for modest size groups under the Rice norm, the 
probability of achieving exactly an even split is fairly 
small . ■ , - . ; . 



The probability described above is simply the 
(cumulati've) distribution function for the random variable, 
M, majority size, under whatever assumptions are mad? 
ab^out behavior: ' 

'Fj^(k) = P(M < k), 

where the probability is calculated according to the 
assumed norm . * 

We make a small adj ustment- in the distribution ^ 
function to establiish the a-indd-x. The n^ed for this 
Adjustment is evident if we reverse the range of the 
.^ea^ure, using zero to indicate complete unanimity and 
one tO( indicate disunity. We can do this naturally in 



two ways. First, wp take our measure of unity and 
subtract it from 0Yie.\ For the distribution fuaction 
this yields G(ki = 1 - F(k) = R(M > k) . We get a value 
of exactly zero for unanimity, and a value near one for 
an even division . 

The second way to approach the' reversed measure 
is. to measure the probability that the majority size 
•M is at least equal to the* observed value k, P(M>k).^ 
This will give exactly one when the group is evenly 
split and nearly zero for unanimity. - The two approaches 
give *different results because the distribution furtction 
lacks symmetry. We overcome this by splitting the 
difference for M = and we make this definition: 

^ The a-index of unity far a group* of * n^ individuals 
with, k in the majority is ^, 

^ a^(k) * P(M<k) + l/2PXM=k)^ 

where- M is 'the random variable of the majority size 
and tJ^e probabilities are calculated under the appro- 
priate norm .f^r behavior. 

The measure so defined can capture any external 
circumstances wJ^ich can be' reasonably expressed in terms 
cff probabilities of behavior, and yields a measure of 
unity -relative to those external circumstances' Jf no 
external circumstances are assumed, the- neutral assump-- 
tion that each voter is equally likely to vote yes or 
no independent of the others^ can be used. The values 
of the a-index will range £rom zero to one. ' » 

3,3 .,Ca>lcuIati6n of g ' \ 

; ' ' 't i * 

- '/In, order to calculate the a^index we must calculate 
the probabilities of the dif ferenKmajority S'i2es under 
the appropriate norm. Ke shall do t^ for three, norms,* 
We assume that voters vote^^dependent l>\wi th the 



probability of a yes vote of P, for P = 0.5, 0.6; and 
0.7, for the three norms. 

Example 2 : We calculate the a-index for the norms . 
given above for a group of n = 8. *We have already cal- 
culated the probabilities of the different majority sizes, 
in example 1 for P = 0.6 and P = 0.7 and in Umit 271a 

for P = 0.5. These distributions are listed in Table 2 
♦ 

iTABLE'2 

Distribution of Majority size, M. When n = 8 





P = 0.5 


P =» 0.6 


P = 0.7 


M 


probability 


probability 


probability 




0.273 


0.232 , ' 


0.136 


5 


0.438 


0.A03 


0.301 


6 


, 0.219 


0.250 


0.306 


7 


* 0.063 


0.097 


0.199 


8 


0.008 


0.017-^ 


a. 05 8 



In order to calculate a^(k),' we simply sum the^ values 
for the, correct column for values -of M < k and add half 
the value, for M = k. For example, when P = 0.5, 

ag(4) = 1/2 (0.273) « 0.137 

* a^iSy = 0.273 + 1/2 {0.438) = 0.492 

• *• * ag(6) = 0.273 ^J^^^ * (0.219) = 0.821- 

Table 3^shows values of the a-index for a group of eight 
under each of these norms. 



/ 
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TABLE 3 



-TABLE 5 



Values 


of the a- 


index for 


a group of 8 




The^a-index, 


p =.0 


. * , q - 


0.3 




\ 

k 


P ^ 0.5 


P^» 0.6 


P = 0.7 


k/n 




k 


^16 


k 


"^24 






ag(k) 


• 




1 












0.50 


* 4 0.06ff 


8 


0.0*24 


12 


0.010 


4 


0. 137 


0.116 


0.068 










13 


0.045 


5 


0.492 


0.434 


0.287 


^ 0.56 




9 


0.108 






6 


0.821 


0.760 


0.590 


0.58 








■ 14 


0.111 


7 


0.962 


0.934 


0.843 
• 


0.63 


^ 0.287 


10 


0.253 


15 


0.213 


8 


0.997 


0,991 


0.971 ^ 


0.67 








^16 


0.355 



Tables 4 and 5 show the values •of'.the a- index for groups 
of^ eight, sixteen, and twenty-four. Table 4 uses the 
norm P = (0 and Tabie 5, P- = 0.7. 
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TABLE 4 



The a-lnd^x , p.» 0.5 = q 



k/n ^ 


k 


"8. 


k 


"^16 


k- 


°^24 


0.50 - 


A 


0.437 


8 


0.098 * 


12 


0.081 


0.54 










13 


a.3i6 


0.56 






9 


0.371 






0.58 










14 ' 


0.576 


0.63 


5 


0.492 


10 


0.668 




0.770' 


0.67 










16 


0.892 


0.69 






11 


0.857 






0.71 










. 17*' 


0.957 


0.75 


6 


0.820 ^ 


12 


0.951 


18 


0.985' 


0*.79 
# 










19 


0.996 


0.81 






1$ 


0.987 






0.83 










20 


0.999 


0.88 


7 


rf361 


14 


0.998 


21 


1.000 


0.92^^ 










22 


1.000 


0.94 






15 


1.000 






0,96 


L 








23 


i.OOO 


1«00 


8 


^ 0.996 


16 


1.000 


24 


1,000 



0.69 

6.71 

0.75 

0.79 

0.81 

0.83 ' 

0.88 

6.92 

0.94^ 

0.96 

1.00 



11 '0.444 

12 0.652 

13 0.827 
14' 0.937' 
15 0.985 

8 * 0^71 16 q.998 



0.590 



0.843 



17 0.523 

18,* 0.691 

19 0.830 

20 0^3 

21 0.973 

22 0.993 

23 0.999 

24 ^ i.OOO 



5 . 4 Exercises 
1 



3. 
, 4. 

5* 
6. 
7. 



Calculate the values of 'the a-index for all^possible 
roajorlties'for a group of n = 5 under the neutral -lionn, 
p.' 0.5. 



Repeat exercise 1 for n = 7. 



Repeat exercise 1 for n 



10. 



Repeat exercise 1 for the norm p =.0.7. 

* 

Repeat eScerclse 1 with n = 7' p =«*0.7. 

RepeaJ exercise 1 with n = 10. p = 0.7. . 

Repeat exercise 1 with n = 5,^p = 1.0. What is* the 
significance- of this, result? ' * 



'4. PROPERTIES OF THE a- INDEX 



4 > 1 Group Size 

Table 4 shows that the a- index credits larger groups 
with a higher degree of unity for the same majority 
propoVtion. Fbr example, for a majority proportion of 
0.75, a group of eight receives an a of 0.820, a 
grolip of sixteen KaT^ct = 0.951, and a group of twenty- 
four has a = 0.985. This confirms our sense that> it is 
more difficult for a lar-ge group to achieve the same^^high 
majority proportion. The a-index shares this desirable 
property with, the PA measure. 

^ In addition, however. We see from Tables 4 and 5 
that the a-index extends over the full range of the . 
interval 0-1. The lowest values are close to ^zero ^arljt 
the highest close to one. This is' an improvement ov^ 
the behavior of "the PA measure. ^ 

I / 

4. 2 Expected Value " 

The invariance of the' a- index with pesp£.ct to group 
size is confirmed, by calculating i ts -.'expected , va-lue . 
Indeed, we wifl find tha^ the a-index has thp same, 
expected value, no matter What norm for behavior is- 
.Aised (as long as that norm is used for the calculation 
of a), and that value i$ 0.5. 

We can write the a-index for a group of n with k 
in the majority as follows: ^ 

a*(k) = P(M< k) + 1/2 P(M = k) 

^ k-i . • 

= .1 P * 1/2 P,. 

1=1 . 

'where P. = P(M^^ i). But^ the expected value of a cafl 
We written 



n ' k - 1 
k=l ^ i=l ^ ^ 

Consequently , 

" k-1 ^ i=l ^ / ^ 



(2) 



n k-1 p 

P- ,^ 1/2 P^] 

\ 

+ I Pit I P. + 1/2 P.] 
1=1 ^ k=l ^ ^ 



I p.[ y p. ,^ 1/2 p ] 
k=i ^ i=i ^ ^ 



n i-1 



n k- 1 



k=l " i=l 



^> • . - n ^ i-1 \ n 

+ I * Pi [ I Pkl * 'I 1/2 P 

, i = l ^ b=l ^ k^l 

\ ' 

n k-1 \ 

(3) • ' • • \ ' 

n n " < \ 

• ■ I P^I I Pi * 1/2 PAl ^ 

k^l ^ i=k+l ^ ^ ^ 



n n 

I P^t I P.] 
.k=l ^ i=l ^ 



n 

1, since I p- = 1. 
i = l ^ 



Therefore .E[a^] =^1/2. 



In the above sequence, ^(1) is simply a rel^eU^g 
of subscripts, (2) a separation of the second summati^iV^ 
into components, and (J) a change of the order of 
summation in the second sum. The fact demonstrated 
above is well known in probability theory. 

We may conclude that for any circumstances reflected 
by the norm under wh^h a is calculated, an a value 
of 0.5 for a group repV^ents 'the degree of unity which^. 
would be expected for the>roup, higher values of a 
indicate a relatively united group, lower values of a 
indicate a relatively disunited group. Consequently/ 
with a as a measure of unity it .is reasonable to 
compare the unity for groups of different sizes and 
the relative unity of groups voting under different 
'external circumstatices . No other measure of vpting 
unity has this prop*erty. 

The a-md^x has the disadvantage, compared to the 
Rice Index or the Probability of Agreement, that it is 
somewhat more difficult to calculate. However the use 
of computer^ for data analysis ameliorates this objection 
somewhat . 

A second disadvantage of the a- index is that there 
is lib obvious way to extend it to a situation where 
there are more than two alternatives. In the previous 
module. Unit 27lb, we saw how this could be done for , 
either the Rice Index or the Probability of Agreement. 



4>3 Exercises — 

8. Calculate directly the expected value- of the arindex for a 
group of n « 5 with p » 0.5. using the results of -exercise 
1 and the probability distribution calculated i|^it 271a. 



5. AN APPLICATION OF THE a- INDEX j 

As an example of how trie a^- index m'ight be used, we 
shall make a compari%cm of the unity of state party 
delegations t£) Congress for a particular vote but under 
different external circumstances. This wTll enable us 
'to draw conclusions about factors ^^/hich influence the 
voting behavior of the members. The exairfhle we shall 
consider is taken- from Born and Ncvison (1975). Tlie 
data is given in Table 6. It records the votes of fif- 
teen eastern and mid-western Republican state delegations 
on the Teagu«*^endment to the Agricultural Act of 1973 
(July 19, 1973). The unsuccessful amendment, which would 
have removed frqm the bill "escalator clause" provisions 
adjusting pjice support paymetits to farm productioif costs 
for wheat, feed grains, and cott.on, was strongly favoyed 
^ by the Nixon administrat ion as ant i - i nf 1 at iona ry . . 

. The first column of the table records th^^ote of 
each delegation bn the amendment. The second column 
records the a index for each delegation, calculated using 
the vote of the Republican Party as a whole .for a norm'. 
The third column records the a index for each delegation,, 
calculated using the respecti\^ regional Republican^ 
totals horms\ 

When the whoie party vote is used as a norm, nearly ' 
all the'states exceed the 0.5 level attributal^le' to 
chance, with the exceptions being Minnesota, Nebraska, 
and Wisconsin. This would suggest that these states 
are more united than might be expected from the party 
as a whole. 

. However, w^n the w#gional party totals are used, 
the eastern states show levels of* unity close to chance* 
This suggests that the factors p/omoting unity in the 
.eastern states are regional rather than state factprs. 
Indeed, since the east as. a whole contained virtually 
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7^ 



TABLE 6 



Republican State Delegation a Values 
On Teague Amendment to the Agriculture Act of 1973 



a Values 









(Calculated 


State 






Using Over- 


Party 


Delegation 




'Pom iV% 1 "( _ 




VotinR Split 


can 


Totals)^ 


Midwest 










Illionis 


14Y, 


ON 




0,993 


Indira 


6Y, 


IN 




0,715 


Iowa 


OY, 


3N 




0.783 


Kansas 


OY, 


4N 




0.842 


Michigan *' 


IIY, 


ON 




0.981 


Minnesota 


lY, 


3ff 






^Nebraska 


lY. 


2N 




0.283 




13Y, 


2H 




•0..852 


Wisconsin 


2Y, 


2N 




0.106 




\ 




Ave, 


0.667 


East 










Connecticut 




ON 




f).783 


Maryland 


3Y. 


ON 




0.783 


Massachusetts 


3Y, 


ON 




. 0.783 


New Jersey 


7Y, 


ON 




0.936 


New York 


17Y, 


ON 




0.997 


Pennsylvania 


lOY., 


IN 




0.887 








Ave. 


0.862 ' 



a 



a Values 
(Calculated 
Using Respec- 
tive Regional 
Party Totalsf 

0.998 
0.796 
0.816 
'0.878 
0.993 
0.509 
0*316 
0.934 
D.132 



Ave. 



Ave. 



Overall Republican totals: 135Y, 45N 

b ^ * 

Regional totals: Midwestern Republicans 48Y, 20N" 

Eastern Republicans — 47Y, IN 



0.708* 
# 

p. 531 
0.531 
0.531 
0,573 
0.677 
0.U5 

0.493 



no districts directly affected by the amendment, an' almost 
unanimous 47-1 majority felt free to support their 
Republican president. 

In contrast, all the midwestern states i|^ease 
4:heir measujje of unity when the regional norm"is used. 
This> suggests that the factors causing this higher-than- 
chance level of unity are not regional*, but perhaps state, 
sub-regional or cross-state factors. 



This example demonstrates how the a-ind^x^ay be 
used to analyze the factors which influence voting on 
certain issues. 

6. THEORnnCAL PROBLBNfS ' 

1 Suggest appropriate criteria for calling a group 

more or less united in the t-option voting situation, 
^ t>2. How well do the extended Rice Index squared 
or Probability of Agreement conform to these 
criteria? ' \ 

2. "Suggest ah scxtension of the a-index to measure 

unity in the case o¥ t-options, t > 2. Assess your 
measure according to the criteria established in 
problem 1. Is the expected value of your measure 
invariant to group -size or other factors?. How does' 
^ your measure compare to the extended Rice Index 
squared or the Probability of Agreement? 

7. BIBLIOGRAPHY 
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SOLUTIONS TO EXERCISES AND THEORETICAL PROBLEMS 



^ 1. Unit 271a, The i^j^e Index 

1>1 Solutions to Exercises 

the fdi^owing tables. 
Exercises 1,4; n = 5 



Th^solutionsr to Exj^^ses \ 



- 6 are collected in 









Rln(k) 


P(M=K) 




3 


'\ 


0 . 2 

<< 


0 


625 




•4 




0.6 


0 


315 > 








1:0 - 


0 


063, 


Exercises 2, 


5: n = 


1 






• 
















4 




0.143 / 


0 


547 




5 




'0,428 


0, 


328 




6 




0,714 


0 . 


109 




^, 7 




KOOO 


0 


016 


•'si'Exercises 3, 


6': n = 


10 










• 5 




0.0 


0. 


244 




6 • 




0.2 


fl. 


401 ^ 




7 




0.4 , 


0. 


234 




8 




0.6. . 


0. 


088 




9 




0."8 


.0^ 


019- 




,10 




. 1..0 


0. 


002 


Exercise li 


E(Rl^i^ 


.0^375' 






Exercise 8: 


E(Rl7'j-= 


0 


,273 







Exercise 9: E(RI^q) = 
Exe^rcise 10 :, Mversf^e 



0.246 

,' 2'''(0.25) ^- 0.5 ^- f.b ^ 

t: 4 ' 



0.5 



E(*RIg) = 0.'273. ^Consequently, the group 
appears to be reTatively united ^ 



4Sl 
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3 . 2 Solutio ils to Problems 

■ — s * 

1. y/n lias a r^nge from zero, when ajl vote no, to one 
when all vote yesf. In order to normal i2;e this to 
range from -1 t6 'l , we first multiply byJ- 2 in order 
to make the range 2 units. lo.ng, then we subtract 1, 
in ord^Ts to -'translate the lowest value to -1. The. 

, normalized -measure would' be , ' / 

Z'= 2y/n - 1. 

2. Suppose n = 2r, even. Then * ' 

'tir^*'' V, _ 1 /" 2 r -v - 

-■TTr f r ^ • 

2^ M . 



2r . 1 ' (2r-U) ! ' - 



2 • r ^2r-l ri (r-1) ! 



2 



2^-1 [((n-l)/2]| - ^('^^n^- 

- 1 n-l|[(n.l)V2]. ^ 
\ . n-1 \lin.l)/2v' -y 



1 n-1 l{n-l)/23-/ ^ , , ^ " I 

(l(n-l)/2]) ^ l) = (i)""'([(n-i/2jl-: 



1 
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2. Unit 271b» The Pvobability 'of Agreement Measure 
2.1 Soluti-on* to Exercises 



Solutions to exercises 1, 2, 3, 5, 6 are in the 
following tables. 





Exercises 1, 5: n 


= 5 






k \ 


) PA^(k) 


AL^(k) 




3 


0.4 


0 .000 




' 4 


0.6 


■ 0.33? 




5 


1.0 


1.000 




X^ACI ^J.^C C , 11 ** 0^ 








4 


0.429 


0.000 




5* 

6 


0.524 
%.714 


0.166 
0.499 




(^^ 7 
Exercises ^;y.!.6:^^'n 


' 1.000 
= 10 


1.000 




5 


^ 0 .444 * 


O.aoo 






0.467 


0.041 




7 


0.533 


0.160 




8 

■ 


0.644 


0.360 




9. 


0.80Q, 


0.640 




10 


1.000 


1.000^ 



\4. ECPA^) = <0.4) (0 .625) + (0.6) (0.313) + (1 .(5(P.063) = 0.5008 

-ECPA^) = (0?429)(0.54"7y+(0 . 524)(0 .328)+ (0 . 7 14) (0 . 109) 
+ (1)(0.016) =|0.5014 

E(PA^q)'= (0.444)(0.244)+(0.467)(0.401)4{0.533)(0. 239) 
+(0.644)( 0.088) + (0. 800) (0.019) + (I) (0.002) 
= a. 4922 . / V 

The deviations from b.5 are ;iue to round-off errors. 

1 _ . \ ' 









• 




7.8. 


n = 7 












L 


PA, (m. ,ra-, ,m,'' 


/ 1 ^ .7 




3 


2 


. 0.238 
l'', 0.286 


0.020, 




3 


3 


0.O82 




4 


2 


1 / 0.533 


0. 135 




. 4 


3 


0 0.429 


0.265 




5 


1 


1 " 0.476 


0. 326 




5 


2\ 


0 0 . S 2 4 


Q. 377 




r ' 6 


1 

0 


0 ^.714 
0 ^ 1.000 


0.633 
1.000 


2.2 


Solut ions 


to Problems 




• 

1. 


EfPA ) 
n 




P(AG2) , as established in section 2. 


1 


l(AG2) 




P(both vote yes) + 


P(both vote no)-'^' 








2 1 





since each voter 'acts independent of thejDthers. 
PA„(k). - PAj(nn)/2) •- 



2. AL^(k) 



9* 

. k(k>l) + (n-k)(n-k-l)-{f(n+l)./2)((Ti-l)/2]+f(n-l)/2)f(n-3)/j} 
n(n'l)-{ l(n+l)/2;j Un-l)/2J+l(n-l)/2J l{n-3)/g} 

Hi / - . 

4k^ - 4nk +, n - 1 

(k-(n.k)}^ 

, f k-'(n-k))^-l ^ (k-(n-k))^ ^ n^ 



'1 



n2-l „2 ... n2-l 



2 Rln^^J -1 
n^ 
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RIrC3)2-l 

For n.=. 5, = -a. 040. 

5^= - 1 

For n =^ 7, error 0.020.* \ 
For n = 9, error = -0.012. 

PA (m ,ni^ , . . . ,ni, ) -min PA 

where PA^(ni^ jin^, . . . ,ni^) is the probability of 
agreement of two voters from* a group of n whi^th \ 
voted m^'ym^f . . .m^ for each of t alternatives.^*^ 
Min PA^ denotes the smallest possible \value for 
thi?s quantity, which will for the most even 
, split. 

fb) Assume n = ti * r . Then 
... AL^(mj,m2 , . . . ,m^) = 

H,'"2MM?)-...M'"2t))/(^)-{(i^(^)^r(^^l)}/(^,y 

m^(m^-l)+m2(m2:l) + ...+m^(m^-l)-{(t-r)ilU-l>+r(il+})jt} 

The expression whi elf appears twice, in brackets * 
in the last formulatrion can be written as 
follows: * \ "* 



{(t-rU(il-l)+r(^+l)} • = tZ^ + 2Ti - ti 

2 2 7 7 9 

. t''&^-»-2trjt-»-r^>r^>t jt-tr-^tr 
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\ • 9 

^1 -2m^m2-2mjmj- , . . -2m^ ^m^ 

" ~' ' ' ' \ — — ' ~ ~ ■ r - ' 



(m +m^+. . .+mj + llllli ^, 
1 ^ t r ^ 



When we substitute this into the last expression 
for AL we get : '"^^ 

((t-l)(m^+iii^+. ..+m2)-2m-m^-2m,m--. . .-2m^ ,m -r(t-r) 
AL^ = ~ ^ t 11 15^ t~l t ^ ^ 

-i (t-l)n2 -^r(t-/) 



^n 



>(ni.-m.)2 - r(t- 
Jr(t-l)n2 - r(t\r) 



Observe that = | * ^g/^^'l 

b-c b (b/c) -1 



Letting a = (m.-m-)^, b = (t-l)n^, c r(t-r), 



this reduces AL to 
n 



m l(m -m )^ (Jdn.-ni )2/ft\i)n2 i) 

= J^—- + 1 J ^ 

(t-1) n2 ^ (n-(t-l)/r(t-r) - 1) 



2, (RI^(nii,m.,...m^^f-l)- 

RI^(ni,,m .,m " ^ ^ 1 

• , (n2(t.l)/r(t-r)-l) , 



as desired. 



'4. The minimum value of ^A^ will occur when the group 
' is evenly split, For n > 2k, ^ 

min PA^ = PA^(k) A2(^)/(^^) 



2k(k-l) _ k-1 



This last o-xpression approaches 1/2 as k grow^ largd. 

c^^ * 80 



^4 



The minimum value of PA for t options will occUr 
when voters are equally divided among the t options. 
Suppose n = til, then 

min PA^ = PAj^(£,£,...,£) = t(^)/(^) 

= t£(£-l)/t£(t£-l) . 

This* will approach 1/t as £, and hence n, 
grows large. 
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. . 5. Unit Z71c, The a^Ind^ 

5.1 Solutions to Exerci.'igs 

The sol>utions^ for exej^ises 1-b are in the following 
tables; ' ^ . 



Exerc i ses 


1,4 


: n = 5 




• 








k 


















. P = 








' P = 0 


7 


3 


• 


• . 0.313 






• 0 


221 




. 4 




0\7 78 






0 






5 




0. 969 






0 


915 




Exercises 




: n = 7 • 












k ^ 


ay 




0. 


5 


-n„(k) 


-p = 0 


7 


. 4 ' 




^ 0.. 274 






0 


162 




5 




0.711 






0. 


496 




. 6 


4 


0.930 






* 0. 


793 




7 




0.992 






0. 


95*9 




Exercises 


3,6 


: n = ^lO 












k 

• 




a^(k\, p = 


0. 


5 


a„(k), 


P = 0. 


1 


5 




0.122 






0. 


052 




6 




(3 . 444. 




_# 


0. 


222 




7 ^ 




-^.762 






0. 


478 




8 




' .0.92^3 






0^734 




9 




0.990 






0. 


915 




10' 




0.999 






0. 


986 





Exercise 7 : ^ n = 5 ^ 

k, a^(k) . p = 1 ' 
3-0.0 

4 .0 . 0 

5 ' 0.5 

Exercise 8 : n = 5 

ECa^) = (0.3X3) (0. 62^5) + (0 . 778) (0 . 313) 
+ (0., 969) (0.063) = 0. 5000^6. 
The divergence fVom 0.5 is .due to raund-off error."- 



'STUDENT FORM 1 ^.J 
Request for Help 



ReCurn to: 
EDC/UMAP - 
55 Chapel St. 
Newton, MA 02160 



Student ! If you have trouble with a specific part of this unit, please fill 
out this form ind take it to your instructor for assistance* The information 
you give will help the author to revise) the unit. 

Your Name * 



Page • 








Model Exam 
Problem No. 




, 0 Upper 




Section 






OR 




OR 


t 


' QMiddle 




. Paragraph 


Text\ 




O Lower 




€3 




Problem No. 





Description of Difficulty: (Please be specific) 



Instructor : Please indicate your resolution of the difficulty in this box, 
Cortected errors in materials. List coVrehtions here: 



o 



J Gave stu<fent better explanation, example, or procedure than in unit, 
Give brief outline jiOf your addition here: ^ - 



o 



Assisted student in acquiring general learning and problem-solving 
skills (not using examples from this unit.) 



\ 



ERIC 



Instructor's Signature 



Please use^eyers^^^^^cessary. 



^ ^ Return to: 

"Student torm 2 . edc/umap \ 

„ ^ . ^. . * 55 Chapel St. 

Unit Questionnaire ^ xia aoi^:a 

^ - Newton, MA 02160 



Nam e Unit No . , Date 

Institutfoh ^ ^Course No, 

Check the choice for each question that comes closest to your personal opinion • 
•How useful was the amount of detail in the' unit? 



_Not enough detail to understand the unit" '^'^ 
_Unit would have been clearer with more detail 
^Appropriate amount of detail 

Unit wa^. occasionally too detailed, but this was not distracting 



Too much detail; I was often distracted \ \ 



2. How helpful were the problem answets ? 

Sample solutions were too brief; I could not do the intermediate steps 

Sufficient information was given to solve the problems 

Sample solutions were too detailed; I didn't, need them * 

iT*^ Except for fulfilling the prerequisites/ how much did you u^e other s miii i i < l ii'H|k 
'"'^ example. Instructor » friends, or other books) in order to understand the unit? ' ^ 

A Lot Somewhat I A -Little Not at all • . 



4. How long was this unit, in comparison to the amount of time you generally spend on 
a lesson (lecture and homework assignment) in a typical math or science course? 

Much Somewhat About Somewhat Much 
Longer Longer ^ the Same Shorter ^Shorter 



Were any of the following parts of the unit confusing or distracting ? (Check 
as many as appl^.) 

Prer,equisites ' * 

^Statement of skills and concepts (objectives) 

Paragraph hidings 

^Examples ^ 

Special Assistance Supplement (if present) - I 

-Other, please explai n 1^12 



6. Were any of thexf oTlowing parts of the unit particularly helpful? ^heck as many 
as apply.) * 

Prerequisites • * ^ ' . * - 

J ^Statement of ski^s and concepts (objectives) 

, ^fexamples 



__Problems 

Paragraph headings 
Table of Contents ^ , 
^Special Assistance Supplement (if present),* 
Other, please explain 



Please describe anything in the unit that you did not particularly like. 

Please -describe anything that you foun^l particularly helpful. (Please us^* the back of 
this sheet if you^need more space ♦) * ""^^ 



